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A solution for the ﬁnite-domain Eshelby-type inclusion problem of a ﬁnite elastic body containing an
anti-plane strain inclusion of arbitrary cross-sectional shape prescribed with a uniform eigenstrain and
a uniform eigenstrain gradient is derived in a general form using a simpliﬁed strain gradient elasticity
theory (SSGET). The formulation is facilitated by an extended Betti’s reciprocal theorem and an extended
Somigliana’s identity based on the SSGET and suitable for anti-plane strain problems. The disturbed dis-
placement ﬁeld is obtained in terms of the SSGET-based Green’s function for an inﬁnite anti-plane strain
elastic body. The solution reduces to that of the inﬁnite-domain anti-plane strain inclusion problemwhen
the boundary effect is not considered. The problem of a circular cylindrical inclusion embedded concen-
trically in a ﬁnite cylindrical elastic matrix undergoing anti-plane strain deformations is analytically
solved by applying the general solution, with the Eshelby tensor and its average over the circular cross
section of the inclusion obtained in closed forms. This Eshelby tensor, being dependent on the position,
inclusion size, matrix size, and a material length scale parameter, captures the inclusion size and bound-
ary effects, unlike existing ones. It reduces to the classical linear elasticity-based Eshelby tensor for the
circular cylindrical inclusion in an inﬁnite matrix if both the strain gradient and boundary effects are sup-
pressed. Numerical results quantitatively show that the inclusion size effect can be quite large when the
inclusion is small and that the boundary effect can dominate when the inclusion volume fraction is high.
However, the inclusion size effect is diminishing with the increase of the inclusion size, and the boundary
effect is vanishing as the inclusion volume fraction becomes sufﬁciently low.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Inﬁnite-domain anti-plane strain inclusion problems have been
analytically studied using Eshelby’s eigenstrain method (Eshelby,
1957, 1959) based on classical elasticity (e.g., Xu and Wang,
2007; Le Quang et al., 2008) or higher-order elasticity theories
(e.g., Lubarda, 2003; Gao and Ma, 2012). It has been found that
Eshelby’s tensor for such an anti-plane strain inclusion problem
has only four non-zero components.
Eshelby tensors based on classical (linear) elasticity cannot
interpret particle (inclusion) size effects experimentally observed
in composites ﬁlled with micro- and nano-particles (e.g., Vollen-
berg and Heikens, 1989; Cho et al., 2006). Also, solutions for inﬁ-
nite-domain inclusion problems are unable to account for
boundary effects. Hence, there has been a need to obtain Eshelby
tensors for ﬁnite-domain inclusion problems using higher-order
(non-classical) elasticity theories, which, unlike classical elasticity,contain material length scale parameters and are capable of
explaining microstructure-dependent size effects.
For the problem of an inclusion embedded in a ﬁnite homoge-
neous isotropic elastic body, a few analytical studies have been per-
formed using classical elasticity. Kinoshita and Mura (1984)
provided a solution for the problem of an inclusion in a bounded
elastic body in terms of a second-order Neumann tensor, which re-
duces to the Green’s function when the body becomes unbounded.
Luo and Weng (1987) determined the elastic ﬁeld in a spherically
concentric three-phase solid consisting of an inclusion, an inter-
phase layer, and an inﬁnite matrix. The presence of the ﬁnite inter-
phase layer between the inclusion and matrix enabled a
modiﬁcation of the Mori–Tanakamethod. Li et al. (2005, 2007) ana-
lytically obtained Eshelby’s tensors for a three-dimensional (3-D)
problemof a spherical inclusion embedded in a ﬁnite spherical elas-
tic matrix and a two-dimensional (2-D) problem of a cylindrical
inclusion in a ﬁnite cylindrical elastic matrix using Somigliana’s
identity and Green’s functions based on classical elasticity. Zou
et al. (2012) presented a general solution for the 2-D problem of a
ﬁnite elastic body containing an arbitrarily shaped and located
inclusion using the complex variable method in classical elasticity.
3794 H.M. Ma, X.-L. Gao / International Journal of Solids and Structures 50 (2013) 3793–3804There exist even fewer analytical solutions for ﬁnite-domain
inclusion problems based on higher-order elasticity theories. A
solution for a ﬁnite-domain spherical inclusion problem was de-
rived by Gao and Ma (2010), and a solution of a ﬁnite-domain
cylindrical inclusion problem was obtained in Ma and Gao
(2011), both using a simpliﬁed strain gradient elasticity theory
(SSGET) that contains one material length scale parameter (e.g.,
Gao and Park, 2007). These two solutions incorporate both inclu-
sion size and boundary effects.
To objective of the current paper is to provide a solution for the
ﬁnite-domain Eshelby-type anti-plane strain inclusion problem of
a ﬁnite homogeneous isotropic elastic body containing a cylindri-
cal inclusion of arbitrary cross-sectional shape prescribed with a
uniform eigenstrain and a uniform eigenstrain gradient based on
the SSGET. An extended Betti’s reciprocal theorem and an extended
Somigliana’s identity suitable for anti-plane strain inclusion prob-
lems are obtained and used to derive a general solution for the ﬁ-
nite-domain anti-plane strain inclusion problem. The problem of a
circular cylindrical inclusion embedded concentrically in a ﬁnite
cylindrical elastic matrix undergoing anti-plane strain deforma-
tions is then analytically solved by applying the general solution,
with the Eshelby tensor and its area average derived in closed
forms.
The rest of the paper is organized as follows. In Section 2, the
SSGET is ﬁrst reviewed, which is followed by the presentation of
an extended Betti’s reciprocal theorem suitable for anti-plane
strain problems and then by the derivation of a general solution
for the ﬁnite-domain inclusion problem based on this reciprocal
theorem and an extended Somigliana’s identity. The ﬁnite-domain
circular cylindrical inclusion problem is solved in Section 3 by
using the general formulas derived in Section 2, which leads to
closed-form expressions of the Eshelby tensor and its area average.
In Section 4, sample numerical results are provided to quantita-
tively show the dependence of the components of the Eshelby ten-
sor obtained in Section 3 on the position, inclusion size, inclusion
volume fraction, and material length scale parameter, where the
size and boundary effects are revealed and discussed. The paper
concludes with a summary in Section 5.
2. Solution of the ﬁnite-domain anti-plane strain inclusion
problem
2.1. Green’s function based on the SSGET: a review
According to the simpliﬁed strain gradient elasticity theory
(SSGET), the strain energy density function, w, for an isotropic, lin-
early elastic material reads (e.g., Gao and Park, 2007; Gao and
Zhou, 2013)
w ¼ wðeij;jijkÞ ¼ 12 keiiejj þ leijeij þ L
2 1
2
kjiikjjjk þ ljijkjijk
 
; ð1Þ
where k and l are the Lamé constants in classical elasticity, L is a
material length scale parameter, and eij, jijk are, respectively, the
components of the inﬁnitesimal strain, e ¼ eijei  ej, and the strain
gradient, j  re ¼ jijkei  ej  ek, given by
eij ¼ 12 ðui;j þ uj;iÞ; jijk  eij;k ¼
1
2
ðui;jk þ uj;ikÞ; ð2a;bÞ
where ui are the components of the displacement vector u = uiei.
The constitutive equations are obtained from Eq. (1) as
sij ¼ @w
@eij
¼ kelldij þ 2leij ¼ sji; ð3Þ
lijk ¼
@w
@jijk
¼ L2ðkelldij þ 2leijÞ;k ¼ L2sij;k ¼ ljik; ð4Þwhere sij are the components of the Cauchy stress, s = sijei  ej, lijk
are the components of the double stress, l = lijkei  ej  ek, and dij is
the Kronecker delta.
The equilibrium equations, derived from a variational formula-
tion by Gao and Park (2007), are
rij;j þ fi ¼ 0 in X; ð5Þ
where fi are the components of the body force,X is the region occu-
pied by the elastic material, and rij are the components of the total
stress, r = rijei  ej, which are related to the Cauchy stress compo-
nents, sij, through
rij  sij  lijk;k ¼ sij  L2sij;kk: ð6Þ
Using Eqs. (2a,b)–(4) and (6) in Eq. (5) gives the Navier-like dis-
placement-equations of equilibrium as
ðkþ lÞui;ij þ luj;kk  L2½ðkþ lÞui;ij þ luj;kk;mm þ fj ¼ 0 in X: ð7Þ
The complete boundary conditions, determined simultaneously
with the equilibrium equations in Eq. (5) using a variational formu-
lation (Gao and Park, 2007), have the form:
ti ¼ ti or ui ¼ ui
qi ¼ qi or ui;lnl ¼ @ui@n
9=
; on @X; ð8a;bÞ
with
ti ¼ rijnj  ðlijknkÞ;j þ ðlijknknlÞ;lnj; qi ¼ lijknjnk; ð9a;bÞ
where ti and qi are, respectively, the components of the Cauchy trac-
tion vector and double stress traction vector, oX is the smooth
bounding surface of X, and ni are the components of the outward
unit normal vector on oX. In Eqs. (8a,b), the overhead bar repre-
sents the prescribed value.
Note that the standard index notation, together with the Ein-
stein summation convention, is used in Eqs. (1)–(9a,b) and
throughout this paper, with each Latin index (subscript) ranging
from 1 to 3 and each Greek index ranging from 1 to 2 unless other-
wise stated.
Eqs. (7) and (8a,b), along with Eqs. (2a,b)–(4), (6) and (9a,b),
deﬁne the boundary value problem in terms of displacement in
the SSGET. Clearly, the material length scale parameter L is
explicitly involved in Eq. (7) in addition to the two Lamé
constants k and l. When the strain gradient effect is absent
(i.e., L = 0), Eq. (4) says lijk = 0 and Eq. (6) then gives rij = sij. As
a result, Eqs. (7)–(9a,b) reduce to the governing equations and
the boundary conditions in terms of displacement in classical
elasticity (e.g., Timoshenko and Goodier, 1970; Gao and
Rowlands, 2000).
For an anti-plane strain problem with
u1 ¼ 0; u2 ¼ 0; u3 ¼ u3ðx1; x2Þ; ð10Þ
Green’s function based on the SSGET for an inﬁnite 3-D elastic body
has been obtained as (e.g., Gao and Ma, 2012; Lazar, 2013)
GðxÞ ¼  1
2pl
ln jxj þ K0 jxjL
  
; ð11Þ
where jxj ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ x22
q
is the magnitude of x, and K0() is the modiﬁed
Bessel function of the second kind of the zeroth order, which satis-
ﬁes the following asymptotic relation for a ﬁxed number n (e.g., Arf-
ken and Weber, 2005):
KnðzÞ 
ﬃﬃﬃﬃﬃ
p
2z
r
eZ as z !1: ð12Þ
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when the strain gradient effect is not considered. That is, by setting
L = 0, Eq. (11) becomes
GðxÞ ¼  1
2pl
ln jxj; ð13Þ
which is the classical elasticity-based Green’s function for an inﬁ-
nite 3-D elastic body undergoing anti-plane strain deformations
(e.g., Xu and Wang, 2007; Le Quang et al., 2008). In reaching Eq.
(13), use has been made of the result K0ðjxj=LÞ ! 0 as L? 0, which
follows from Eq. (12) directly.
Based on the Green’s function method, the displacement ﬁeld in
an inﬁnite elastic body subjected to a body force f3ðyÞ (see Fig. 1),
acting on the x1x2-plane and along the x3-dirction can be expressed
as (Gao and Ma, 2012)
u3ðxÞ ¼
Z Z þ1
1
Gðx yÞf3ðyÞdy: ð14Þ
In the case of a unit concentrated body force with f3ðyÞ ¼ dðyÞ;
where y is the point on the x1x2-plane at which the unit concen-
trated body force is applied (see Fig. 1(b)), Eq. (14) gives
u3ðxÞ ¼ GðxÞ: ð15Þ
Once the displacement ﬁeld becomes known, the strain and
stress ﬁelds will be readily determined from Eqs. (2a,b)–(4).
Note that the general solutions of the 3-D and plane strain
Eshelby-type inclusion problems based on the SSGET have been
obtained using the Green’s function method in Gao and Ma
(2009) and Ma and Gao (2010), respectively.
2.2. Tractions for anti-plane strain problems
The ﬁnite body X with the cross section R can be regarded as
cutting out of an inﬁnite elastic body X1, as shown in Fig. 1(b).
Then, the Cauchy stress traction t3 and the double stress traction
q3 on the boundary of the region R, @R; for an anti-plane strain
problem can be readily obtained as (see Appendix A)
t3ðxÞ ¼ TðxÞ; q3ðxÞ ¼ QðxÞ; ð16a;bÞ
where T(x) and Q(x) are given by
T ¼ l½ð1 L2r2ÞG;ana  lL2ðG;abnbÞ;a þ lL2ðG;abnbncÞ;cna; ð17aÞ
Q ¼ lL2G;abnanb; ð17bÞ
with G being the Green’s function listed in Eq. (11).1e
2e
3e
o
o
1e
2e
),( 2133 xxff
1x
2x
(a)                                   
Fig. 1. An inﬁnite elastic body (2.3. Extended Betti’s reciprocal theorem for anti-plane strain
deformations
In the context of the SSGET, the Betti’s reciprocal theorem in
classical linear elasticity can be extended to be (Gao and Ma, 2010)Z
X
f ðIÞi u
ðIIÞ
i dV þ
Z
@X
tðIÞi u
ðIIÞ
i þ qðIÞi uðIIÞi;l nl
h i
dA
¼
Z
X
f ðIIÞi u
ðIÞ
i dV þ
Z
@X
tðIIÞi u
ðIÞ
i þ qðIIÞi uðIÞi;l nl
h i
dA; ð18Þwhere the superscripts ‘‘(I)’’ and ‘‘(II)’’ represent two loading sets,X
is the region occupied by the elastic body bounded by a smooth sur-
face @X (without any edge), n = niei is the outward unit normal vec-
tor on @X, fi are the components of the body force, and ti and qi are,
respectively, the components of the Cauchy traction and double
stress traction deﬁned in Eqs. (9a,b). Note that the equilibrium
equations in Eq. (5) have been used in obtaining Eq. (18). For
anti-plane strain problems satisfying Eq. (10) and having n = naea
under loading ‘‘(I)’’ or ‘‘(II)’’, Eq. (18) reduces toZ
X
f ðIÞ3 u
ðIIÞ
3 dV þ
Z
@X
tðIÞ3 u
ðIIÞ
3 þ qðIÞ3 uðIIÞ3;1n1 þ uðIIÞ3;2n2
h in o
dA
¼
Z
X
f ðIIÞ3 u
ðIÞ
3 dV þ
Z
@X
tðIIÞ3 u
ðIÞ
3 þ qðIIÞ3 uðIÞ3;1n1 þ uðIÞ3;2n2
h in o
dA: ð19Þ
Since u3, f3, t3 and q3 are functions of x1 and x2 only for an anti-
plane strain problem satisfying Eq. (10), the integrands of the vol-
ume and surface integrals on both sides of Eq. (19) are independent
of x3. As a result, the volume and surface integrals in Eq. (19) can be
changed to surface and line integrals, respectively, to obtainZ
R
f ðIÞ3 u
ðIIÞ
3 dAþ
Z
@R
tðIÞ3 u
ðIIÞ
3 þ qðIÞ3 uðIIÞ3;ana
h i
dS
¼
Z
R
f ðIIÞ3 u
ðIÞ
3 dAþ
Z
@R
tðIIÞ3 u
ðIÞ
3 þ qðIIÞ3 uðIÞ3;ana
h i
dS; ð20Þwhere R is the cross-sectional area of the body X in the x1x2-plane,
@R is the boundary curve of R, and dA and dS are, respectively, the
differential area and line elements. Eq. (20) is the extended Betti’s
second reciprocal theorem based on the SSGET for anti-plane strain
problems, which will be directly used to derive the solution of the
ﬁnite-domain inclusion problem next.R
Qq
Tt
Gu
3
3
3
R
y
3 ( )f y
R
                    (b) 
a) and its cross section (b).
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Consider a ﬁnite-domain anti-plane strain inclusion problem
where a cylindrical inclusion XI, whose cross section is denoted
as RI, is embedded in a homogeneous isotropic elastic cylindrical
body X with a ﬁnite cross section R and an inﬁnite length (see
Fig. 2(a)). The shapes of the cross sections RI and R are both arbi-
trary but remain the same along the length.
A uniform eigenstrain e⁄ and a uniform eigenstrain gradient j⁄
are prescribed inside the inclusionXI, both of which vanish outside
XI. For the current anti-plane strain inclusion problem, there are
only four non-zero components for the eigenstrain and eight
non-zero components for the eigenstrain gradient (Gao and Ma,
2012). That is,
e3a ¼ ea3 – 0; all other eij ¼ 0;
ja3b ¼ j3ab – 0; all other jijk ¼ 0: ð21Þ
Besides e⁄ and j⁄, there is no body force or surface force acting
in the elastic body containing the inclusion. Hence, the displace-
ment, strain and stress ﬁelds induced by the presence of e⁄ and
j⁄ here are disturbed ﬁelds, which may be superposed to those
caused by applied body and/or surface forces.
This ﬁnite-domain anti-plane strain inclusion problem can be
solved by following a procedure similar to those used in Gao and
Ma (2010) and Ma and Gao (2011) based on the SSGET, which were
inspired by the procedures developed in Li et al. (2005, 2007) using
classical elasticity.
Following Gao andMa (2010), it can be shown that the displace-
ment ﬁeld due to the eigenstrain e⁄ and eigenstrain gradient j⁄
(see Eq. (21)) is obtainable from solving the equilibrium equations
involving the body force:
f3 ¼ 2l e3a;a  L2j3ac;ac
 
; ð22Þ
where use has been made of the following elastic stiffness tensor for
an isotropic elastic material undergoing the anti-plane strain defor-
mation described by Eq. (10):
C3b3a ¼ ldab: ð23Þ
To solve the ﬁnite-domain inclusion problem satisfying Eqs. (7),
(8a,b), (10), (21) and (22), the extended Betti’s theorem expressed
in Eq. (20) will be used.(a)                       
Fig. 2. Inclusion in a ﬁnite anti-plane strain elastiFor the ﬁnite elastic body X, the loading by e⁄ and j⁄ in the
current inclusion shown Fig. 2(b) is taken as the loading set (II),
while that by a unit concentrated body force applied at a point
inside a ﬁnite elastic body identical to that of X as the loading
set (I). For the latter, the ﬁnite elastic body is cut out of an
inﬁnite body X1 having the same elastic properties, and the
displacement, Cauchy traction and double stress traction at
any point y 2 @X (the cutting surface) are given by Eqs. (15),
(16a) and (16b), respectively. Using Eq. (22) for the set (II)
and Eqs. (15), (16a,b) and f ðIÞ3 ðyÞ ¼ dðy  xÞ for the set (I) in
Eq. (20) leads to
u3ðxÞ ¼ 2l
Z
R
e3aG;aðy  xÞ þ L2j3abG;abðy  xÞ
h i
dAy

Z
@R
Tðy  xÞu3 þ Qðy  xÞu3;ana½ dSy
þ
Z
@R
½t3Gðy  xÞ þ q3G;aðy  xÞnadSy; ð24Þ
where the derivatives are with respective to y (the integration var-
iable), and use has been made of the fact that the eigenstrain and
eigenstrain gradient vanish on the boundary of the ﬁnite body @X
(and thus on @R, the projection of @X on the x1x2-plane), which is
outside the inclusion. Note that in Eq. (24) and in the sequel the
superscript ‘‘(II)’’ is dropped for convenience, since the displace-
ment, traction and double stress traction involved in Eq. (24)
and subsequent equations are all for the inclusion problem under
the loading set (II) (i.e., e⁄ and j⁄) shown in Fig. 2(b). It is seen
from Eq. (24) that the displacement contains contributions from
ﬁeld quantities distributed both in the area R and on its boundary
@R. If the two line integrals in Eq. (24) are suppressed, the dis-
turbed displacement ﬁeld in Eq. (24) reduces to that for the
anti-plane strain problem of an inclusion in an inﬁnite elastic body
based on the SSGET (Gao and Ma, 2012), where no boundary effect
is considered. Therefore, the two line integrals in Eq. (24) repre-
sent the boundary effect due to the ﬁnite size of the elastic body
and/or the constraints existing on the ﬁnite boundary. Eq. (24) can
be viewed as an extended Somigliana’s identity based on the
SSGET for the anti-plane strain inclusion problem under
consideration.
For the homogeneous Dirichlet-like boundary conditions of
u3 ¼ 0 and u3;ana ¼ 0 on @R; Eq. (24) gives                          (b) 
c body (a) with an arbitrary cross section (b).
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Z
R
e3aG;aðy  xÞ þ L2j3abG;abðy  xÞ
h i
dAy
þ
Z
@R
½t3Gðy  xÞ þ q3G;aðy  xÞnadSy; ð25Þ
which is the disturbed displacement ﬁeld in the ﬁnite elastic body
induced by the eigenstrain e⁄ and eigenstrain gradient j⁄. In Eq.
(25), t3 and q3 are, respectively, the out-of-plane components of
the Cauchy traction and double stress traction, which are related
to u3 through Eqs. (2a,b)–(4) and (9a,b).
Similarly, for homogeneous Neumann-like boundary conditions
of t3 ¼ 0 and q3 ¼ 0 on @R; Eq. (24) yields
u3ðxÞ ¼ 2l
Z
R
e3aG;aðy  xÞ þ L2j3abG;abðy  xÞ
h i
dAy

Z
@R
Tðy  xÞu3 þ Qðy  xÞu3;ana½ dSy ð26Þ
as the disturbed displacement ﬁeld in the ﬁnite elastic body in-
duced by e⁄ and j⁄.
Clearly, Eqs. (24) and (26) are integral equations where the un-
known displacement component u3 appears both inside and out-
side the line integral(s) in each equation. It is very challenging to
obtain analytical solutions of such integral equations even for
inclusion problems involving simple-shape elastic bodies and
inclusions. Hence, only the inclusion problems satisfying Eq. (25),
which are associated with the simpler homogeneous Dirichlet-like
boundary conditions, will continue to be formulated in the rest of
this section.
As stated earlier, the derivatives involved in the integrals in Eqs.
(24)–(26) are with respect to the integration variable y. Note that
@Gðy  xÞ
@ya
¼  @Gðy  xÞ
@xa
;
@2Gðy  xÞ
@ya@yb
¼ @
2Gðy  xÞ
@xa@xb
: ð27Þ
Using Eq. (27) in Eq. (25) then gives
u3ðxÞ ¼ 2l
Z
R
e3aG;aðy  xÞ þ L2j3abG;abðy  xÞ
h i
dAy
þ
Z
@R
t3Gðy  xÞ  q3G;aðy  xÞna½ dSy: ð28Þ
In Eq. (28) and all of the ensuing equations, the derivatives are ta-
ken with respect to x unless otherwise stated.
Substituting Eq. (28) into Eq. (2a) yields, with the help of Eq.
(10), the disturbed strain as
ea3 ¼ l
Z
R
eb3G;ab þ L2j3bcG;abc
 
dAy þ 12
Z
@R
ðt3G;a
 q3G;abnbÞdSy; ð29Þ
where the line integral term represents the boundary effect on the
disturbed strain ﬁeld for the ﬁnite-domain inclusion problem.
For uniform e⁄ and j⁄ inside the inclusion, the area integral
term in Eq. (29) is identical to the disturbed strain ﬁeld in an inﬁ-
nite elastic body containing an anti-plane strain inclusion of arbi-
trary cross-sectional shape (Gao and Ma, 2012), which can be
written as
e1a3ðxÞ ¼ S	;1a3b3ðxÞeb3 þ T	;1a33bcðxÞj3bc; ð30Þ
with
S	;1a3b3ðxÞ ¼ l
Z
RI
G;abdAy; T
	;1
a33bcðxÞ ¼ lL2
Z
RI
G;abcdAy; ð31a;bÞ
where S	;1a3b3 and T
	;1
a33bc, as deﬁned, are, respectively, the Eshelby ten-
sor and the Eshelby-like tensor for the inﬁnite-domain (unbounded)
anti-plane strain inclusion problem, and the superscript ‘‘	’’ can be
either ‘‘I’’, representing the interior case with x located inside theinclusion, or ‘‘E’’, representing the exterior case with x located out-
side the inclusion.
Based on the similarity between the unbounded and bounded
cases and Eq. (30), it is postulated that for the current bounded-do-
main inclusion problem the disturbed strain ﬁeld has the form:
ea3ðxÞ ¼ S	;Fa3b3ðxÞeb3 þ T	;Fa33bcðxÞj3bc; ð32Þ
which is similar to that given in Eq. (30) for the unbounded-domain
inclusion problem. In Eq. (32), S	;Fa3b3 and T
	;F
a33bc denote, respectively,
the Eshelby tensor and the Eshelby-like tensor for the current ﬁnite-
domain inclusion problem.
Using Eqs. (3), (4), (6) and (32) in Eqs. (9a,b) yields
t3 ¼ gbeb3 þ pbcj3bc; q3 ¼ hbeb3 þ dbcj3bc; ð33a;bÞ
where
gb ¼ 2l 1 L2r2
 
S	;Fa3b3
h i
na  L2 S	;Fa3b3;cnc
 
;a
þ L2 S	;Fa3b3;jnjnc
 
;c
na
	 

;
ð34aÞpbc ¼ 2l 1 L2r2
 
T	;Fa33bc
h i
na  L2 T	;Fa33bc;hnh
 
;a
þ L2 T	;Fa33bc;hnhnv
 
;v
na
	 

;
ð34bÞhb ¼ 2lL2S	;Fa3b3;jnanj; dbc ¼ 2lL2T	;Fa33bc;jnanj: ð34c;dÞ
Substituting Eqs. (31a,b) and (32) into Eq. (29) yields
S	;Fa3b3e

b3 þ T	;Fa33bcj3bc ¼ S	;1a3b3ðxÞeb3 þ T	;1a33bcðxÞj3bc
þ 1
2
Z
@R
ðt3G;a  q3G;abnbÞdSy: ð35Þ
From Eqs. (35) and (33a,b) it then follows that
S	;Fa3b3 ¼ S	;1a3b3 þ SB;Fa3b3; T	;Fa33bc ¼ T	;1a33bc þ TB;Fa33bc; ð36a;bÞ
where
SB;Fa3b3 
1
2
Z
@R
ðgbG;a  hbG;ajnjÞdSy; ð37aÞTB;Fa33bc 
1
2
Z
@R
ðpbcG;a  dbcG;ajnjÞdSy: ð37bÞ
Note that SB;Fa3b3 and T
B;F
a33bc, as deﬁned in Eqs. (36a,b) and (37a,b), can
be regarded, respectively, as the boundary part of the ﬁnite-domain
Eshelby tensor and Eshelby-like tensor. In the absence of the
boundary effect, SB;Fa3b3 = 0 and T
B;F
a33bc = 0, which follow from the fact
that the ﬁrst- and second-order derivatives of the Green’s function
with respect to x ¼ jxj ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ x22
q 
vanish at inﬁnity (i.e., as
x?1) (see Eqs. (11) and (12)). As a result, S	;Fa3b3 and T	;Fa33bc reduce,
respectively, to their counterparts S	;1a3b3 and T
	;1
a33bc for the un-
bounded-domain anti-plane strain inclusion problem, as shown in
Eqs. (36a,b).
Clearly, Eqs. (36a,b), (37a,b), (31a,b) and (34a-d) deﬁne the inte-
gral equations to solve for S	;Fa3b3 and T
	;F
a33bc, which depend on the
shape and size of both the elastic body (through the line integrals
listed in Eqs. (37a,b)) and the inclusion (via S	;1a3b3 and T
	;1
a33bc in Eqs.
(31a,b)). Hence, closed-form solutions may be derived only for ﬁ-
nite-domain anti-plane strain inclusion problems with simple
cross-sectional shapes of the elastic body and inclusion. The inclu-
sion problem with circular cross sections to be discussed in the
next section is one of such problems that can be solved
analytically.
3798 H.M. Ma, X.-L. Gao / International Journal of Solids and Structures 50 (2013) 3793–38043. Eshelby tensor for a ﬁnite-domain circular cylindrical
inclusion problem
3.1. Position-dependent Eshelby tensor
Consider an anti-plane strain cylindrical elastic body with a cir-
cular cross section R of radius H containing a concentric cylindrical
inclusion having a circular cross section RI of radius a and pre-
scribed with the eigenstrain e⁄ and eigenstrain gradient j⁄, as
shown in Fig. 3.
For the unbounded anti-plane strain circular cylindrical inclu-
sion problem, the Eshelby tensor based on the SSGET has been ob-
tained as (Gao and Ma, 2012)
S	;1a3b3ðxÞ ¼ SCa3b3ðxÞ þ SGa3b3ðxÞ; ð38Þ
where x is a point located inside or outside the inclusion, SCa3b3 is the
classical part, and SGa3b3 is the gradient part. In a matrix form, Eq.
(38) can be rewritten as
S	;1a3b3ðxÞ ¼ ½S	;1ðxÞ Ha3b3 x0
  
; ð39Þ
where
S	;1ðxÞ½  ¼ S	;CðxÞ
h i
þ S	;GðxÞ
h i
; ð40Þ
and
Ha3b3 x0
   ¼ dab; x0ax0bh iT ; ð41Þ
with x0a  xa=x.
For the interior case with x < a, S	;C
h i
and S	;G
h i
in Eq. (40) are
given by
SI;CðxÞ
h i
¼ 1
2
;0
 
; ð42Þ
SI;GðxÞ
h i
¼ SI;G1 ; SI;G2
h i
; ð43Þ
SI;G1 ¼ 
a
x
K1
a
L
 
I1
x
L
 
; ð44aÞ
SI;G2 ¼ aK1
a
L
  1
L
I0
x
L
 
 2
x
I1
x
L
  
: ð44bÞ
For the exterior case with x > a, S	;C
h i
in Eq. (40) is
SE;CðxÞ
h i
¼ a
2
2x2
; a
2
x2
 
; ð45Þ
and ½S	;G in Eq. (40) has the form:
SE;GðxÞ
h i
¼ SE;G1 ; SE;G2
h i
; ð46aÞ**
,
H
a
R
o
1e
2e
R
IR
Fig. 3. Cylindrical inclusion in a ﬁnite cylindrical elastic body.SE;G1 ¼ 
a
x
I1
a
L
 
K1
x
L
 
; ð46bÞ
SE;G2 ¼ aI1
a
L
  1
L
K0
x
L
 
þ 2
x
K1
x
L
  
: ð46cÞ
In Eqs. (44a,b) and (46b,c), I0 (), I1 (), K0 () and K1 () are mod-
iﬁed Bessel functions of the indicated arguments. As shown in Gao
and Ma (2012), when the gradient effect is suppressed by letting
L = 0, the gradient part, SGa3b3ðxÞ, of the Eshelby tensor S	;1a3b3ðxÞ
(see Eq. (38)) vanishes for both the interior and exterior cases,
and the Eshelby tensor reduces to that based on classical elasticity
i:e:; S	;1a3b3 ¼ SCa3b3
 
.
Based on the similarity between the unbounded- and bounded-
domain inclusion problems and the form of the Eshelby tensor for
the unbounded-domain problem given in Eq. (39), it is postulated
that the Eshelby tensor for the current bounded-domain inclusion
problem can be expressed in a similar form as
S	;Fa3b3ðxÞ ¼ S	;FðxÞ
h i
Ha3b3 x0
  
; ð47Þ
where Ha3b3 x0
  
is the same as that deﬁned in Eq. (41), and
S	;FðxÞ
h i
¼ S	;F1 ðxÞ; S	;F2 ðxÞ
h i
ð48Þ
is an array yet to be determined.
Using Eqs. (41), (47), (48) and (34a,c) in Eq. (37a) gives the
boundary part of the ﬁnite-domain Eshelby tensor as
SB;Fa3b3 ¼ l SE;FðHÞ
h i
1; 1þx½ T
Z
@R
nbG;adSy; ð49Þ
wherex  2L2=H2; nbð¼ yb=yÞ is the bth component of the unit vec-
tor n representing the direction of y (with y ¼ jyj ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
y21 þ y22
q
), and G
is the Green’s function based on the SSGET given in Eq. (11).
Note thatZ
@R
nbG;adSy ¼
Z
@R
nbGdSy
 
;a
¼ G0ðxÞdab þ G00ðxÞxx0ax0b; ð50Þ
where
G0ðxÞ ¼ 12l 1
2H
x
I1
x
L
 
K1
H
L
  
: ð51Þ
In reaching Eqs. (50) and (51), use has been made of the following
relations (Ma and Gao, 2011):Z
@R
f ðrÞnadAy ¼ f0ðxÞxa; ð52Þ
whereH x
ry
x
1e2e
n
o
1eˆ
2eˆ
R
R
Fig. 4. Locations of x (2R) and y (2oR).
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Z 2p
0
f ðrÞ cos hdh; ð53aÞ
with
r ¼ jx yj ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ H2  2xH cos h
q
; ð53bÞ
in which H is the radius of the circle @R, h is the angle between x
(2R) and y (2oR), as shown in Fig. 4. Also, in deriving Eqs. (50)
and (51), the following results have been used:Z p
0
ln 1þ n2  2n cos h  cos hdh ¼ pn ð54Þ
for 0 < n < 1 (Gradshteyn and Ryzhik, 2007), and
K0
r
L
 
¼ I0 xL
 
K0
H
L
 
þ 2
X1
n¼1
In
x
L
 
Kn
H
L
 
cosðnhÞ ð55Þ
for x < H (Magnus et al., 1966), where r is deﬁned in Eq. (53b) and
shown in Fig. 4.
Substituting Eq. (50) into Eq. (49) then yields the boundary part
of the ﬁnite-domain Eshelby tensor as
SB;Fa3b3 ¼ SE;FðHÞ
h i
½KðxÞ Ha3b3 x0
  
; ð56Þ
where [K(x)] is a 2 by 2 matrix whose components are
½KðxÞ  l G0 xG
0
0
ð1þxÞG0 ð1þxÞxG00
" #
; ð57Þ
and SE;FðHÞ
h i
can be determined as follows.
Using Eqs. (39), (47) and (56) in Eq. (36a) gives, noting that the
two components of ½Ha3b3ðx0Þ are linearly independent,
SI;FðxÞ
h i
¼ SI;1ðxÞ
h i
þ SE;FðHÞ
h i
½KðxÞ ð58Þ
for the interior case with 0 < x < a, and
SE;FðxÞ
h i
¼ SE;1ðxÞ
h i
þ SE;FðHÞ
h i
½KðxÞ ð59Þ
for the exterior case with a < x < H. By setting x? H, Eq. (59) gives
SE;FðHÞ
h i
¼ SE;1ðHÞ
h i
½½I  KðHÞ½ 1; ð60Þ
where [I] is the 2 by 2 identity matrix, [K(H)] is obtainable from Eq.
(57), ½SE;1ðHÞ can be determined from Eqs. (40), (45) and (46a-c)
with x = H, and the superscript ‘‘1’’ denotes the inverse matrix.
Finally, it follows from Eqs. (36a), (39), (40), (56) and (60) that
the Eshelby tensor inside the inclusion for the ﬁnite-domain anti-
plane strain inclusion problem can be expressed as
SI;Fa3b3ðxÞ ¼ SI;CðxÞ
h i
þ SI;GðxÞ
h i
þ SB;FðxÞ
h ih i
Ha3b3 x0
  
; ð61Þ
SB;FðxÞ
h i
 SE;1ðHÞ
h i
½ I½   ½KðHÞ1½KðxÞ; ð62Þ
where x 2 RI, 0 < x < a, and [SI,C], [SI,G] and [SB,F] are, respectively, the
classical, gradient and boundary parts of the Eshelby tensor based
on the SSGET. Note that [SI,C], as given in Eq. (42), is uniform inside
the inclusion, while [SI,G], as listed in Eqs. (43) and (44a,b), depends
on L, a and x in a complicated manner. In addition, [SB,F] given in Eq.
(62) varies with L, a, H and x. That is, [SB,F] is non-uniform inside the
inclusion and is different for the elastic body with different body
and/or inclusion sizes (i.e., with varying H and/or a) and different
materials (with changing L).
The Eshelby-like tensor T	;Fa33bc given in Eqs. (36b), (37b) and
(31b) can be obtained for the current ﬁnite-domain inclusion prob-
lem by following a procedure similar to that used above in deriving
the Eshelby tensor S	;Fa3b3. The resulting T
	;F
a33bc has the form:T	;Fa33bc ¼ ½T	;1ðxÞ þ ½TB;FðxÞ
h i
Nabc x0
  T
; ð63aÞ
where
T	;1ðxÞ½  ¼ ½U1ðxÞ; U2ðxÞ; U2ðxÞ ; ð63bÞ
TB;FðxÞ
h i
¼ l½U1ðHÞ;U2ðHÞ
A11 A12 A13
A21 A22 A23
 
; ð63cÞ
Nabcðx0Þ
  ¼ x0ax0bx0c ; x0cdab þ x0bdac; x0adbch i: ð63dÞ
In Eq. (63b),
U1ðxÞ¼lL2 hGið3Þ 3x hGi
00 þ 3
x2
hGi0
 
;
U2ðxÞ¼lL2 1x hGi
00  1
x2
hGi0
 
; ð64Þ
where (Gao and Ma, 2012)
hGi0  d
dx
hGi ¼  1
l
1
2
x aK1 aL
 
I1
x
L
  
;
hGi00  d
2
dx2
hGi ¼  1
l
1
2
 aK1 aL
  1
L
I0ðxLÞ 
1
x
I1ðxLÞ
 	 

;
hGið3Þ  d
3
dx3
hGi ¼  1
l
aK1
a
L
  1
Lx
I0
x
L
 
 1
L2
þ 2
x2
 
I1
x
L
  
ð65Þ
for x located inside the circular inclusion (i.e., x < a), and
hGi0 ¼  1
l
1
2x
a2  aI1 aL
 
K1
x
L
  
;
hGi00 ¼  1
l
 1
2x2
a2 þ aI1 aL
  1
L
K0ðxLÞ þ
1
x
K1ðxLÞ
 	 

;
hGið3Þ ¼  1
l
1
x3
a2  a
x2L2
I1
a
L
 
xLK0
x
L
 
þ x2 þ 2L2
 
K1
x
L
 h i	 

ð66Þ
for x located outside the circular inclusion (i.e., x > a). In Eq. (63c),
A11 ¼ 1þ 5L
2
H2
 !
G01 
2G1
x
 
; A12 ¼ 1þ 5L
2
H2
 !
G1
x
;
A13 ¼ 1þ 5L
2
H2
 !
G02 
2L2
H2
G03; A21 ¼ 2 1þ
L2
H2
 !
G01 
2G1
x
 
;
A22 ¼ 2 1þ L
2
H2
 !
G1
x
; A23 ¼ 1þ L
2
H2
 !
2G02 þ G03
 
; ð67Þ
with
G1ðxÞ
Z
@R
Gcosð2hÞdSy¼ H4l
x
H
 2
4I2 xL
 
K2
H
L
  
;
G2ðxÞ
Z
@R
Gsin2 hdSy¼ H2l lnHþ
1
4
x
H
 2
þ I0 xL
 
K0
H
L
 
 I2 xL
 
K2
H
L
  
;
G3ðxÞ
Z
@R
GdSy¼Hl lnHþ I0
x
L
 
K0
H
L
  
:
ð68Þ
Note that in reaching Eq. (68) use has been made of Eqs. (11), (53b),
and (55) as well as the following results (Gradshteyn and Ryzhik,
2007):Z 2p
0
ln 1þ n2  2n cos h dh ¼ 0;Z p
0
ln 1þ n2  2n cos h  cos nhð Þdh ¼ p
n
nn ð69Þ
for n2 < 1.
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Considering that the ﬁnite-domain Eshelby tensor SI,F is posi-
tion-dependent inside the inclusion, the area average of SI,F over
the circular cross section of the inclusion will be needed in homog-
enization analyses of ﬁber-reinforced composites (e.g., Liu and Gao,
2013). Hence, the area average of SI,F is evaluated here.
The area average of a sufﬁciently smooth function F(x) over the
circular cross section RI of the inclusion is deﬁned by
hFðxÞiA ¼
1
AreaðRIÞ
Z Z
RI
FðxÞdA ¼ 1
pa2
Z a
0
Z 2p
0
FðxÞxdhdx; ð70Þ
where use has been made of the area element dA = x dh dx in a polar
coordinate system, with x being the distance from point x to the ori-
gin of the coordinate system (i.e., the center of the circular cross
section R).
Note that in the polar coordinate system adopted here,
x01 ¼ cos h; x02 ¼ sin h: ð71Þ
It then follows from Eq. (71) that
Z 2p
0
x0adh ¼ 0;
Z 2p
0
x0ax
0
bdh ¼ pdab;
Z 2p
0
x0ax
0
bx
0
cdh ¼ 0: ð72a-cÞ
Replacing F(x) in Eq. (70) with SI;Fa3b3ðxÞ given in Eq. (61) then
leads to, with the help of Eqs. (39)–(41) and (72b),
SI;Fa3b3
D E
A
¼ SI;1a3b3
D E
A
þ SB;Fa3b3
D E
A
; ð73Þ
where SI;1a3b3
D E
A
is the area averaged Eshelby tensor for the un-
bounded circular cylindrical inclusion problem which has been ob-
tained as (Gao and Ma, 2012)
SI;1a3b3
D E
A
¼ 1
2
 K1 aL
 
I1
a
L
  
dab; ð74Þ
and SB;Fa3b3
D E
A
is the area averaged boundary part of the Eshelby ten-
sor for the bounded circular cylindrical inclusion problem given by
SB;Fa3b3
D E
A
¼ 1
a2
2SB;F1 þ SB;F2
 
dab; ð75Þ
with
SB;Fn 
Z a
0
xSB;Fn ðxÞdx; ð76Þ
in which SB;Fn ðxÞ (n = 1, 2) is the nth component of the array [SB,F(x)]
given in Eq. (62).
Similarly, replacing F(x) in Eq. (70) with TI;Fa33bc given in Eqs.
(63a–d) yields, with the help of Eqs. (72a,c),
TI;Fa33bcðxÞ
D E
A
¼ 0: ð77Þ
That is, the average of TI;Fa33bcðxÞ over the circular cross section of the
inclusion vanishes.
It then follows from Eqs. (32), (70) and (77) that
hea3iA ¼ SI;Fa3b3
D E
A
eb3; ð78Þ
where SI;Fa3b3
D E
A
is given in Eqs. (73)–(76). Eq. (78) shows that the
average disturbed strain is only related to the eigenstrain e⁄ even
in the presence of the eigenstrain gradient j⁄. This result is impor-
tant for homogenization analyses of heterogeneous materials based
on higher-order elasticity theories (e.g., Ma and Gao, 2013).4. Numerical results
To quantitatively illustrate how the components of the Eshelby
tensor for the ﬁnite-domain anti-plane strain inclusion problem
derived in Section 3 change with the position x, inclusion size a
and matrix size H, numerical results are provided and discussed
in this section. For illustration purposes, in the numerical analyses
presented here, the material length scale parameter L is taken to be
17.6 lm, as was done in earlier studies (e.g., Ma and Gao, 2011;
Gao and Ma, 2012).
Fig. 5 shows the distribution of SI;F1313 ¼ SI;C1313 þ SI;G1313 þ SB;F1313
 
along the x1 axis (or any radial direction due to the axi-symmetry)
of a circular cylindrical inclusion concentrically embedded in a
ﬁnite cylindrical elastic matrix. The values of SI;F1313 displayed in
Fig. 5 are obtained from Eqs. (61), (62) and (39)–(46a-c) and nor-
malized by SI;C1313, which is a constant (i.e., S
I;C
1313 = 0.5 from Eqs.
(39), (41) and (42)). The inclusion has a ﬁxed size of a = L, while
the matrix has 4 different sizes: H = 2a, H = 3a, H = 5a and
H = 10a, as indicated in Fig. 5. For comparison, the distribution of
SI;11313 ¼ SI;C1313 þ SI;G1313
 
for the unbounded circular cylindrical inclu-
sion problem (with H?1) along the same direction is also plot-
ted. The values of SI;11313 are determined from Eqs. (38)–(44a,b),
which incorporate the gradient effect but not the boundary effect.
As displayed in Fig. 5, the values of SI;F1313 for the bounded inclu-
sion problem are smaller than those of SI;11313 for the unbounded
inclusion problem in all cases considered. The distance between
a curve for SI;F1313 and that for S
I;1
1313 decreases as H increases from
2a to 10a or as the inclusion volume fraction /, deﬁned by
/ = (a/H)2, decreases from 25% to 1%. The decreasing distance indi-
cates that the contribution of the boundary part SB;F1313 (=S
I;F
1313 –
SI;11313) becomes smaller as / decreases. When H = 10a, the inclusion
volume fraction / is 1%, and the SI;F1313 curve is very close to the S
I;1
1313
curve, implying that the contribution of the boundary part is insig-
niﬁcant and hence may be ignored. However, the contribution of
the boundary part SB;F1313 to the total value of S
I;F
1313 increases with
increasing /. As / increases to 25% (i.e., when H decreases to 2a),
SI;F1313 becomes much smaller than S
I;1
1313, indicating that the bound-
ary effect is signiﬁcant and can no longer be neglected. Clearly,
Fig. 5 shows that the value of SI;11313 (a component of the Eshelby
tensor with no boundary effect) provides an upper bound of the
values of SI;F1313 (the counterpart component of the Eshelby tensor
including the boundary effect).
The distribution of SI;F2323 ¼ SI;C2323 þ SI;G2323 þ SB;F2323
 
along the x1
axis (or any radial direction) is plotted in Fig. 6. The values of
SI;F2323 shown in Fig. 6 are obtained from Eqs. (61), (62) and (39)–
(46a-c) and normalized by SI;C2323, which is a constant (i.e.,
SI;C2323 = 0.5 from Eqs. (39), (41) and (42)). It is seen from Figs. 5
and 6 that the values of SI;F2323 are different from those of S
I;F
1313 for
the same values of x/a, but the trends of SI;F2323 varying with x/a
and H/a (or the volume fraction /) are similar to those exhibited
by SI;F1313.
The variation of the component of the averaged Eshelby tensor
inside the inclusion is illustrated in Fig. 7. The distributions of
SI;F1313
D E
A
¼ SI;11313
D E
A
þ SB;F1313
D E
A
 
at different volume fractions for
the ﬁnite-domain circular cylindrical inclusion problem based on
the SSGET are plotted in Fig. 7. The values of SI;11313
D E
A
for the un-
bounded circular cylindrical inclusion problem (with / ! 0) based
on the SSGET and classical elasticity are also displayed in Fig. 7 for
comparison. Note that the values of SI;F1313
D E
A
shown in Fig. 7 are ob-
tained from Eqs. (73)–(76), with those for the classical elasticity-
0.1
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Fig. 5. SI;F1313 along a radical direction of the inclusion for the matrix with different sizes.
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Fig. 6. SI;F2323 along a radical direction of the inclusion for the matrix with different sizes.
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that SI;11313
D E
A
based on the SSGET is independent of H and is there-
fore the same for all of the SSGET-based SI;F1313
D E
A
curves with
different values of / shown in Fig. 7 (including the curve with
/? 0 or H?1). Therefore, the distance between a line for
SI;F1313
D E
A
with a speciﬁed / (–0) and the line for SI;11313
D E
A
(with
/? 0) based on the SSGET is actually the boundary part SB;F1313
D E
A
(= SI;F1313
D E
A
– SI;11313
D E
A
) (see Eq. (73)).
Fig. 7 shows the inclusion size effect predicted by the solutions
based on the SSGET for both the current ﬁnite-domain inclusion
problem (with different values of /– 0) and for the unbounded-
domain inclusion problem (with /? 0). That is, in each case with
a ﬁxed inclusion volume fraction /, the smaller the inclusion ra-
dius a is, the smaller the value of SI;F1313
D E
A
is. This size effect is seen
to be more signiﬁcant for the cases with small inclusion volume
fractions, where the boundary effect is small, as will be discussed
below. However, as the inclusion size becomes large (witha > 211.2 lm or a/L > 12 for / = 6.25% here), the size effect is seen
to be diminishing. In contrast, the solution based on classical elas-
ticity gives a constant value of hSI;F1313iA for each value of /, which
provides an upper bound of the value of SI;F1313
D E
A
based on the
SSGET for the same value of /, as shown in Fig. 7. Nevertheless,
each of these constant values is independent of the inclusion radius
a, indicating that the classical elasticity-based solution for the ﬁ-
nite-domain inclusion problem does not have the capability to pre-
dict the inclusion size effect.
From Fig. 7 it is also observed that SI;F1313
D E
A
changes with the
inclusion volume fraction /: the smaller / is, the larger SI;F1313
D E
A
is, and the closer the curve of SI;F1313
D E
A
is to that of SI;11313
D E
A
. This
indicates that the boundary effect, as measured by SB;F1313
D E
A
(= SI;F1313
D E
A
– SI;11313
D E
A
), becomes smaller as / gets smaller. However,
when / is large enough (with / = 11.11% and above here), SB;F1313
D E
A
and therefore the boundary effect become signiﬁcantly large. These
observations indicate that the boundary effect is insigniﬁcant and
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ﬁciently low. In addition, the numerical results reveal that the
averaged Eshelby tensor for the ﬁnite-domain anti-plane inclusion
problem is bounded from above by the averaged Eshelby tensor
based on classical elasticity for the same inclusion problem.
Fig. 8 illustrates the effect of the material length scale parame-
ter L on SI;F1313 along the x1 axis (or any radial direction). The values
of SI;F1313 shown in Fig. 8 are obtained from Eqs. (61), (62) and (39)–
(46a-c) and normalized by SI;C1313 (=0.5). It is observed from Fig. 8
that when L is sufﬁciently small (with L = 6.58 lm here), SI;F1313 has
much larger values for given values of x/a and decreases a lot faster
as x/a increases. However, when L becomes large enough (with
L = 17.6 lm or larger here), the inﬂuence of L on SI;F1313 is no longer
signiﬁcant. Similar trends are observed for other cases withdifferent inclusion volume fractions (see Fig. 9) or for other compo-
nents (see Fig. 10) of the Eshelby tensor for the ﬁnite-domain anti-
plane strain inclusion problem.5. Summary
An Eshelby-type inclusion problem of a ﬁnite anti-plane strain
elastic body containing a cylindrical inclusion of arbitrary cross-
sectional shape prescribed with a uniform eigenstrain and a uni-
form eigenstrain gradient is solved using a simpliﬁed strain gradi-
ent elasticity theory (SSGET). An extended Betti’s reciprocal
theorem and an extended Somigliana’s identity based on the SSGET
and suitable for anti-plane strain problems are employed in the
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eigenstrain gradient is expressed as a general integral representa-
tion in terms of the SSGET-based Green’s function for an inﬁnite
anti-plane strain elastic body. It contains an area integral and a line
integral. The former is the same as that for the anti-plane strain
inclusion problem with an inﬁnite matrix, and the latter represents
the boundary effect. This solution recovers that for the unbounded-
domain anti-plane strain inclusion problem based on the SSGET if
the boundary effect is suppressed.
The Eshelby tensor for the ﬁnite-domain inclusion problem of a
circular cylindrical inclusion embedded concentrically in a ﬁnite
cylindrical matrix is derived in a closed form by using the general
solution. Its average over the circular cross-sectional area of the
inclusion is also obtained analytically. Being dependent on the
position, inclusion size, matrix size, and material length scale
parameter, this Eshelby tensor can capture both the inclusion size
and the boundary effects, unlike existing ones for anti-plane strain
inclusion problems. In the absence of both the strain gradient and
boundary effects, the newly obtained Eshelby tensor recovers thatfor the unbounded-domain anti-plane strain circular cylindrical
inclusion problem based on classical linear elasticity.
Numerical results are provided to quantitatively illustrate the
newly obtained Eshelby tensor for the ﬁnite-domain circular cylin-
drical inclusion problem. The results show that the inclusion size
effect can be signiﬁcant if the inclusion is small and that the
boundary effect can be dominant if the inclusion volume fraction
is large. But the inclusion size effect becomes insigniﬁcant for large
inclusions, and the boundary effect tends to be negligibly small at
low inclusion volume fractions. In addition, it is found that the
components of both the Eshelby tensor and its average for the ﬁ-
nite-domain anti-plane strain inclusion problem are bounded from
above by their counterparts for the inﬁnite-domain inclusion prob-
lem based on the SSGET.
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Appendix A.
In this appendix, the expressions of T and Q given in Eqs. (17a,
b) are derived.
From Eqs. (2a), (10) and (15), it follows that the two non-van-
ishing components of eij for the anti-plane strain inclusion problem
are
e3a ¼ 12G;a: ðA1Þ
Substituting Eqs. (3), (4) and (6) into Eq. (9a) results in
t3 ¼ 2l 1 L2r2
 
e3a
h i
na  2lL2ðe3a;bnbÞ;a
þ 2lL2ðe3a;bnbncÞ;cna: ðA2Þ
Using Eq. (A1) in Eq. (A2) then gives
t3 ¼ l 1 L2r2
 
G;a
h i
na  lL2ðG;abnbÞ;a þ lL2ðG;abnbncÞ;cna  T:
ðA3Þ
This expression of the Cauchy traction is exactly what is listed in Eq.
(17a).
Next, inserting Eqs. (3), (4) and (A1) into Eq. (9b) yields
q3 ¼ lL2G;abnanb  Q : ðA4Þ
This expression of the double stress traction is exactly what is given
in Eq. (17b).
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